We analyse the accuracy of the approximate WKB quantization for the case of general one-dimensional quartic potential. In particular, we are interested in the validity of semiclassically predicted energy eigenvalues when approaching the limit E → ∞, and in the accuracy of low lying energy levels below the potential barrier in the case of generally asymmetric double-well quartic potential. In the latter case, using the standard WKB quantization an unnatural localization of eigenstates due to the negligence of tunneling is implied and thus the validity of semiclassics is uncertain. In all computations the higher order corrections to the leading semiclassical approximation are included using the complex contour integration technique. We show that these corrections can improve accuracy of semiclassical approximation greatly by many orders of magnitude.
§1. Introduction
The semiclassical approximation is a very useful approximative tool in quantum mechanics, not only because it often yields analytic expressions but also because it helps us to understand the correspondence between quantum features and classical mechanics, that is particularly important in the quantum chaos.
Certain rather naive thoughts about semiclassical approximation have been established in the past. Namely, it has been believed that the semiclassical quantization gives sufficiently accurate energy values of quantum eigenstates, whenh is sufficiently small, in comparison to some action that stands with it, and in the case of high energies as well. Both limits imply that the de Broglie wavelength must be sufficiently small, but they are nevertheless not equivalent unless the underlying Hamiltonian has the scaling property. But the crucial criterion for assessing the accuracy of semiclassically predicted energy values is the comparison of the absolute value of the error of semiclassical energies with the mean energy level spacing (Prosen and Robnik 1) ). The fine structure, the statistical and other properties of energy spectra cannot be reliably resolved unless the error is small enough compared to the mean energy level spacing.
The usual semiclassical techniques like EBK quantization (Maslov 2) ) and Gutzwiller trace formula are just the first (leading) terms of a certain semiclassical expansion of quantum quantities in theh power series. Typically these are only asymptotic series, but occasionally can nevertheless be convergent, as a surprise (see below). The absolute error of energies, predicted by those two methods is typically of orderh 2 , while the mean energy level spacing scales ash f , where f is the number of degrees of freedom (dimension of the system's coordinate space). Thus, the two methods seem to be applicable only in systems whose dimensionality is less than three. At a fixed value ofh and in the limit of high energies E → ∞, the situation is even worse. The error of the leading order semiclassical approximation, measured in the units of the mean energy level spacing, can diverge or is bounded from below as E goes to ∞ even in cases of one and two dimensional systems (Prosen and Robnik 1) , Robnik and Salasnich 3), 4) ). Nevertheless, for some specific systems, all of them exactly solvable, the WKB series can be convergent and its sum equal to the exact result. See ref.
3), 4), 7) - 10) .
In this paper we analyse a one-dimensional general quartic potential, for which we are able to calculate the systematic higher order correction in theh expansion. Firstly we examine the simple case of pure quartic potential, also called homogeneous quartic oscillator, which is a scaling system, and thus we expect theh → 0 limit, to be equivalent to the E → ∞ limit, so that the error of semiclassical energies in units of the mean energy level spacing should converge to zero as energy increases. Secondly, we tried to enrich our understanding of global behaviour of the semiclassical approximation by examining its validity in the case of potential with more than one minimum, like asymmetric double-well quartic potential. A standard semiclassical quantization condition, obtained by requiring that the complex wavefunction as a function of the complexified coordinate be singlevalued, demands that the change of the semiclassical phase around a circuit enclosing the two turning points (at the boundaries of the classically allowed regions) is an integer multiple of 2π. We assume that neglecting the tunneling, as an exponentially small effect, this quantization condition can be also used in the cases where classically allowed regions are separated in the coordinate space with the potential barrier. In these cases motion in each well is meant to be semiclassically quantized separately, and the error of energy values because of this unnatural localization is supposed to be exponentially small. Strictly speaking, we actually do not know rigorously how to interpret this quantization condition, which is another important reason to study the implementation of WKB methods and to test them in multi-well potentials like in our present work (also see Robnik and Romanovski 9) ). However, if one is interested explicitly in the fine structure of energy spectra, especially and in particular the exponentially small splitting (due to tunneling) in symmetric double well potentials, then the approach expounded in Robnik et al 5) is the appropriate one.
We show that the homogeneous and asymmetric nonhomogeneous quartic potential is indeed an example of a potential where the semiclassical approximation works well in all energy ranges that we were interested in. By adding higher order corrections, the accuracy of semiclassically predicted energy values measured in units of the mean energy level spacing can be increased by many orders of magnitude. §2. Homogeneous quartic potential and semiclassical methods
The Hamiltonian of the simple homogeneous quartic potential, that we consider in this section is
Introducing the new scaled and dimensionless variables
the Hamiltonian can be rewritten in the simple form
In all further calculations only the scaled form of the Hamiltonian and of the variables will be used, so that the tilde will be omitted in the further writing. Note that the scaled energy is the only one system parameter. We study this system for two main purposes. Namely, we are interested in the asymptotic (E → ∞) behaviour of standard semiclassical quantization formulas of finite order in the case of scaling system like this, and further we want to compare the spectral properties of homogeneous quartic potential with the spectral properties of general asymmetric double well quartic potential which we also call non-trivial potential. Again, in this comparison we are mainly interested in the asymptotic properties meaning high energy behaviour of the spectrum of a non-trivial potential whose geometry is asymptotically the same (as |x| → ∞) as for the homogeneous quartic potential. For these reasons we use the standard WKB quantization procedure rather than the implicit semiclassical formulas of Voros 6) .
To calculate the semiclassical spectrum of a Hamiltonian we observe that the wavefunction can always be written in the form
where σ(x) is the complex phase that satisfies the Riccati differential equation (for
The WKB approximation rests upon the expansion of the phase in theh power series
Substituting (2 . 6) into (2 . 5) and comparing like powers ofh gives the recursion relation for σ ′ k (x) (n > 0)
The quantization condition is obtained by requiring that the complex wavefunction (2 . 4) is singlevalued as a function of the complexified coordinate, which means that the change of phase, when going around the classically allowed region between the two turning points a (V (a) = E) and b (V (b) = E), should be equal to an integer multiple of 2πh
The integer n is the quantum number. The zeroth and the first order terms give the EBK or torus quantization formula, where the first order term gives the Maslov corrections with Maslov index 2 for one dimensional system. We observe that all the other odd terms in (2 . 8) vanish when integrated along the closed contour around the pair of turning points, because they are exact differentials which is a highly plausible hypothesis yet to be proved rigorously (Bender et al 7) , Robnik and Romanovski 9) ) but it has been demonstrated to hold for some low orders. We should stress that the closed contour is the contour in the complex x plane, since all integrals in (2 . 8), except the zeroth order term, diverge when integrated on an interval along real xaxes between the two turning points (Bender et al 7) , Robnik et al 5) ). However, there is a way of expressing these integrals as a partial derivative w.r.t. the energy of a fundamental real integral on the interval between the two turning points. Finally, taking this into account, the semiclassical quantization condition can be written as
that is the sum over even-numbered terms only. The first three terms in (2 . 9) are
(2 . 12) A straightforward calculation of these terms for the case of the homogeneous quartic potential gives the semiclassical quantization formula with corrections up to the fourth order The exact spectrum is obtained by numerical diagonalization in QUADRUPLE PRECISION (32 valid digits) of the Hamiltonian matrix in the basis of eigenstates of harmonic oscillator, whose Hamiltonian is
The matrix elements in this basis are
The results of our calculations are plotted in the figure 1, where the negative decadic logarithm of the error of the semiclassical energies obtained from the zeroth order, the second order and the fourth order semiclassical quantization formula in units of the mean energy level spacing is plotted against energy. In table I of the Appendix B we show the numerical values for some representative energy levels, showing the fast increase in accuracy with higher orders of the semiclassical approximation.
¿From the plots we can deduce that the error really goes towards zero as we go to the high quantum numbers and/or energies. The accuracy of the semiclassics can be vastly enhanced, when higher order corrections inh expansion are added to the EBK or torus quantization. Contrary to the case of potential U 0 / cos 2 (αx) previously studied (Prosen and Robnik 1) , Robnik and Salasnich 3) ), the homogeneous quartic potential is the case, where theh → 0 limit is equivalent to the E → ∞ limit as we predicted in the introduction, due to the scaling properties of our system. §3. Asymmetric double-well quartic potential
The Hamiltonian of the system that we consider in this section is generally written as
Again we introduce the scaled variables
and rewrite the Hamiltonian containing these variables
3)
The notation with tilde has already been omitted in the equation (3 . 3). Thē h ef f and λ are two additional parameters of the asymmetric double-well quartic potential. The latter is called the parameter of asymmetry. To check the accuracy of the semiclassical quantization for this type of the system, we perform the semiclassical quantization separately for states with energy below the potential barrier (E < 0), and for the states with energy above the potential barrier (E > 0). Neglecting the tunneling, those states below the potential barrier, are semiclassically quantized using the standard semiclassical procedure, described in the previous section, for both wells separately. We assume that the error committed by this approximation and localization is only exponentially small, since the tunneling is only exponentially small. The calculation of the integrals (2 . 10), (2 . 11) and (2 . 12) that enter the semiclassical quantization formula (2 . 9) is much more complicated here than for the system discussed in the previous section. The expressions obtained immediately after the integration on coordinate x in (2 . 11) and (2 . 12) are very complex functions of the four roots of the momentum p, and energy. These functions should be further differentiated with respect to energy E. Please note, that the roots of p = 2(E − V (x)) are also dependent on energy and in case of the fourth order correction formula (2 . 12) a three-fold differentiation with respect to E should be done. The expression for the fourth order corrections is thus too complex to be handled with our hardware equipment, regardless of the fact that we do not need to know the explicit dependence on E for the roots. The derivative of a root a with respect to the energy could be written in a form da/dE = (dV (x)/dx) −1 | x=a . In most of the manipulations we used the Mathematica software. The calculation of expressions (2 . 10) and (2 . 11) are briefly sketched in the appendix A. We have performed our calculations for three chosen values ofh ef f , namely at h ef f = 0.01,h ef f = 0.1 andh ef f = 1, and at a fixed value of the parameter of asymmetry λ = 0.2. The shape of our asymmetric double well potential is shown in figure 2 . The negative decadic logarithm of the error of the energies calculated with the zeroth order and the second order semiclassical quantization formula, in units of the mean energy level spacing, is plotted in the figures 3 and 4.
As we see from figures 3, 4 and from the table II in the appendix B, the accuracy of semiclassical methods increases with energy like in the homogeneous case. The accuracy is about 4 orders in magnitude or more greater when the second order corrections are included in the semiclassical quantization formula.
It is quite surprising how accurate the semiclassical quantization is even in the range of the energies below the potential barrier whilst close to the top of the barrier it is not so good, as expected. Of course we expect that the semiclassical methods are valid where the potential is similar to the harmonic potential and our expectation seems to be proved now. As we see the accuracy decreases and the improvement of the semiclasically predicted energies by considering the higher order semiclassical corrections e.g. σ 2 gets smaller as we approach the top of the barrier. This is expected, since the exponentially small error caused by the negligence of tunneling increases with energy, as we have shown in our previous work (Robnik et al 5) ). Our results of this section are depicted in figures 4-6. Generally, the accuracy of semiclassics increases as we decrease the value ofh ef f , what is of course expected and shown in figure 6 .
Again, the exact spectrum has been calculated by numerical diagonalization in QUADRUPLE PRECISION of the Hamiltonian matrix in the basis of eigenstates of the harmonic oscillator. Because the symmetry w.r.t. parity operation is broken here, the matrix does not decompose into even and odd part any more. The matrix elements of the matrix in the same harmonic oscillator
, basis as before read as During our work new questions about the spectral properties of the systems with non-trivial potential have arisen. By the word non-trivial potential we mean e.g. the asymmetric double-well quartic potential and similar potentials with complicated structure in certain regions of coordinate space and with a simple asymptotic behaviour as |x| → ∞. The question is, whether the spectra of the homogeneous quartic potential and that of the asymmetric double-well potential withh = 1 converge pointwise or at least to a certain shift in energy and in the quantum number, as E → ∞.
The scaled Hamiltonian of the general quartic potential can be written as
In the following figures we present the comparison of the spectrum for the case µ = 0 with the spectrum of the system where µ = 1, λ = 0.2. We compare about 500 lowest states. In the figures 7 the mean energy level spacing against energy is plotted for both systems. The discrepancy between the curves for the two systems is clearly seen. To any state of µ = 0 case we find the state of µ = 1 case which is energetically most close to it and in figure 8 we plot the discrepancy of those energies measured in the units of the mean energy level spacing of the µ = 0 case, against the energy of µ = 0 states. We clearly see some cut-offs that occur at some energy values, where the difference in quantum numbers of the energetically nearest states of the two systems is enlarged by 1.
To understand these features we calculate the zeroth order semiclassical approximation for the mean energy level spacing DE (the Thomas-Fermi formula).
2) For the case of the asymmetric double well potential (ADWP) the integral in the expression above becomes
where b and ±c are the real and the imaginary part of the other two complex conjugate roots of p(x) (see appendix A). To calculate the mean energy level spacing for the ADWP case we expand the 4 roots of E − V (x) into the energy E asymptotic series. The first few terms of those series are
Now, we can do the same with the quantities 2/ √ kq and m
Bearing in mind that
we expand the elliptic integral F(m) into the asymptotic series around m = 1/2. Rewriting
and
finally we get an asymptotic expression for the mean energy level spacing
It is easy to see that the factor outside the brackets is just the mean energy level spacing of the homogeneous quartic potential (HQP)
The zeroth order semiclassical predictions for the mean energy level spacing (4 . 11) and (4 . 12) are also plotted in figures 7. The result (4 . 11) can be obtained also perturbatively by a systematic perturbative treatment of the integral (4 .
2). Further we analyze the difference D of energetically nearest states of HQP and ADWP in units of mean energy level spacing of HQP. For this purpose we expand the zeroth order semiclassical quantization condition for ADWP
(see the end of the appendix A) into the asymptotic energy series, valid at high energies. To do that we follow the similar procedure as in the case of derivation of the mean energy level spacing asymptotic expression (4 . 11). Here we also use the first order expansion of the three elliptic integrals for small arguments ǫ and δ
in our case
and so we get an asymptotic expression of the condition (4 . 13)
(4 . 14) Note, that the leading term of the upper equation (4 . 14) is precisely the zeroth order semiclassical quantization condition for HQP (see (2 . 13))
Since the M -th energy eigenvalue E + ∆E of ADWP is energetically nearest to the N -th eigenenergy E of the HQP (by definition ∆E is smaller than one half of the mean energy level spacing), we expand the difference of equations (4 . 14) and (4 . 15) into the ∆E/E power series up to the first order and solve it for ∆E. Finally we can write an approximate expression for the energy difference of the energetically closest states of ADWP and HQP at high energies 16) of which the leading term in the units of mean energy level spacing of HQP is
The above expression is also plotted in the figure 8 together with the exact results. According to the expression (4 . 17) and also with respect to the exact results, plotted in figure 8 we can conclude that the two spectra do not converge pointwise and not even converge to a constant energy shift since the expression (4 . 17) as a function of energy never reaches the constant value of D at a fixed value of difference between the appropriate quantum numbers N and M of the homogeneous quartic potential and the asymmetric double well potential.
The expression (4 . 11) that fits the exact data quite well indicates that the mean energy level spacing of the asymmetric double well potential converges to the mean energy level spacing of HQP as energy increases but it converges as slow as E −1/4 . §5. Conclusions
According to our results we can conclude that the semiclassical approximation gives sufficiently good results in the case of the quartic potential. As we see the semiclassical energies in units of the mean energy level spacing converge to the exact ones for the case of homogeneous quartic potential as E → ∞. Due to this scaling properties of the system we can talk about only one limit in this particular system where the semiclassics becomes exact, namely the semiclassical limit which is equivalent to theh → 0 or E → ∞ limit. The accuracy of the semiclassical energies at the high energy values is not spoiled even in the case of asymmetric double-well quartic potential, which is not a scaling system. Even in the energy range below the potential barrier the accuracy of the semiclassics is very good, and it is bounded with the exponential error due to the negligence of tunneling. It is encouraging that the higher order corrections in theh expansion of the semiclassical quantization formula increase the accuracy by many orders of magnitude. Obviously, the corrections like these are needed in two or more dimensional systems to prevent the error to diverge or to be bounded from below as we approachh → 0 or E → ∞ limit. Some recent related papers are Robnik and Salasnich 3), 4) , Robnik and Romanovski 8), 9) , Salasnich and Sattin 10) . Unfortunately we are not able yet to derive the systematic corrections of higher orders inh expansion to the EBK quantization in more than one dimensional systems. Nevertheless this work helps us to understand the global behaviour and limitations of techniques based on semiclassical ideas. As the higher order corrections yield more accurate results in one dimensional systems we might hope that similar ideas will help to improve the accuracy of the semiclassics in many dimensional cases. In section 4 we discuss the asymptotic behaviour of exact spectra of nontrivial potentials. By the word nontrivial we mean that the potential in certain range of coordinate possesses a complicated structure, but asymptotically as |x| → ∞ becomes similar to a simple (scaling) correspondent. We have a strong evidence, exact numerical and semiclassical, that the spectra of both systems do not converge pointwise to the same energy values and not even to a constant energy shift as the energy is increased. Even the convergence of the mean energy level spacing of the two systems is very slow when E → ∞ (as slow as E −1/4 ).
a ←→ c, b ←→ d has to be done.
Firstly, we perform a substitution
in integrals I 1 , I 2 and I 3 and we get
2 ] .
Factorizing the term 1/(1 − y 2 ) 2 , J
2 can be rewritten in the form (A . 7) In the section 4 we use the generalized form of the asymmetric quartic potential
In this case the integral (A . 1) is slightly modified to 8) yielding the µ dependent expression (4 . 13) for σ 0 , which is identical to (A . 6) for µ = 1. Please note that the parameters k, q, m, n as well as the integrals I 1 , I 2 and I 3 are expressed in terms of the four roots of X and momentum and so is their general dependence on µ already considered. Table I . Some eigenenergies of the homogeneous quartic potential. By n we denote the consecutive quantum number of the state, while EExact is the exact energy value of the eigenstate, and E
Appendix B Some tables of results
Semi , E
Semi , and E
Semi are the semiclassically predicted energy eigenvalues of the nth state, calculated with the zeroth order, second order and the fourth order semiclassical quantization Table II . Some eigenenergies of the asymmetric double-well quartic potential withh ef f = 1, λ = 0.2, (µ = 1). By n we denote the consecutive quantum number of the state, while EExact are the exact energy value of the nth eigenstate and E (2) Semi are the semiclassically predicted energy eigenvalues of the nth state, calculated with the second order semiclassical quantization formula.
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